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Explicit formulas are obtained to describe the buckling behavior of triple-walled carbon nanotubes
sCNTsd that are embedded in an elastic matrix, with van der Waals svdWd interaction taken into
consideration. The investigation is based on the continuum shell theory in which the individual tube
is treated as a cylindrical shell. The elastic matrix surrounding the outermost tube is modeled as a
Pasternak foundation to account for not only the normal stress, but also the shear stress between the
outermost tube and the surrounding matrix. Numerical analyses are carried out to estimate the
critical buckling load of triple-walled CNTs, and the results indicate that the critical buckling loads
approach a constant of around 0.26 N/m with the increase of the innermost radii regardless of
whether or not the triple-walled CNT is embedded in an elastic matrix. The effects of vdW
interactions before and after buckling on the critical buckling load are also examined
for triple-walled CNTs with various innermost radii. © 2005 American Institute of Physics.
fDOI: 10.1063/1.1925334g
I. INTRODUCTION
Over the last decade, the investigations on single- and
multiwalled carbon nanotubes sCNTsd have mainly focused
on atomistic methods such as classical molecular
dynamics,1–6 tight-binding molecular dynamics,7,8 and the ab
initio method.9 However, the computational time and effort
needed for these methods limit the size and time scales of the
single- and multiwalled CNTs studied. Therefore, researchers
have been seeking more efficient computational methods
with which to analyze the large scale of multiwalled CNTs.
Yakobson et al.2 investigated the buckling of a single-
walled CNT using a traditional continuum shell model and
compared it with molecular-dynamics simulation. The con-
tinuum shell model could predicate all of the buckling pat-
terns of the single-walled CNT that were displayed by their
molecular-dynamics simulations. Therefore, Ru10–14 applied
the classical cylindrical shell theory to the buckling and
vibration analyses of double-walled CNTs. He proposed a
linear proportional relationship between the variation of
the van der Waals svdWd force and the normal deflection
to model the vdW interaction, and obtained a simple
relationship for the vdW interaction coefficient as c
= s200 ergs/cm2d / s0.16d¯2d. Obviously, this relationship can-
not reflect the radius effect of the CNT on the vdW interac-
tion. Further, Wang et al.15 directly used Ru’s vdW model for
the buckling analysis of multiwalled CNTs, but the model
can only be applied to the interaction of two adjacent layers,
as in the case of a double-walled CNT. For multiwalled
CNTs, Ru’s model is not accurate because it neglects the
effects of the other layers, except the adjacent layers, on
vdW interaction. Similarly, Han and Lu16 applied Ru’s model
in the torsion buckling analysis of a double-walled CNT that
was embedded in an elastic medium, and Shen17 extended
Ru’s model to the post-buckling analysis of a double-walled
CNT through the traditional cylindrical shell theory. Other
noteworthy classical shell studies of CNTs include those of
Pantano et al.,18 which used a finite element approach to
model the structure and deformation of single- and multi-
walled CNTs; Liu and Chen,19 which used a boundary ele-
ment method for the study of a CNT-based composites; and
Tu and Yang,20 which used elastic deformation energy to
determine the Poisson ratio, Young’s modulus, and effective
wall thickness.
In this paper, the buckling characteristic of a triple-
walled CNT embedded in an elastic medium is studied using
elastic shell theory. The interaction between the outermost
tube and the surrounding elastic medium is modeled as a
Pasternak foundation.21 With vdW interaction between any
two layers taken into consideration, explicit formulas are ob-
tained for the critical buckling load of triple-walled CNTs.
The validity of the proposed model is demonstrated by com-
paring it to existing results, which were obtained by using
the molecular-dynamics sMDd simulation. The effects of
vdW forces, the surrounding elastic medium, and the radii of
tubes on the critical buckling loads are examined and pre-
sented in tabular and graphical forms.
II. THE ELASTIC TRIPLE-WALLED SHELL MODEL
Let us consider an axially compressed triple-walled CNT
that is embedded within an elastic matrix, as shown in Fig. 1,
in which the individual tube is treated as a cylindrical shell
of radius Ri, thickness h, and Young’s modulus E. Each tube
is referred to a coordinate system sx ,ud. Here, x is the axial
coordinate and u is the circumferential angular coordinate.
The triple-walled CNT is empty inside, and the outermost
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tube is bonded to an elastic matrix. Thus, the classical thin-
shell equations in the normal direction are given by22
Liwi = „i
4pi, i = 1 to 3, s1d
where wi si=1,2 ,3d is the deflection of the ith tube, pi is the
net pressure exerted on the tube i due to the vdW interaction
between layers, and Li is the differential operator that is
given by
Li = D„i
8
− Nx
]2
]x2
„i
4
−
Nu
Ri
2
]2
]u2
„i
4 +
Eh
Ri
2
]4
]x4
, s2d
where Nx and Nu are the uniform axial and circumferential
membrane forces of the ith tube before buckling, D is the
bending stiffness of the tube, and
„i
2
=
]2
]x2
+
1
Ri
2
]2
]u2
. s3d
Wagner et al.23 studied the stress transfer between CNTs and
a polymer matrix, and showed that CNT–polymer adhesion
is quite strong, and that not only the normal stress but also
the shear stress transfers from the CNT to the polymer ma-
trix. Thus, for the infinitesimal buckling analysis, we assume
that the relation between the pressure and the deflection of
the outermost tube surface can be described by the Pasternak
foundation model,21 i.e.,
pNsx,ud = − KWwsx,ud + Gb„2wsx,ud , s4d
where KW is the Winkler foundation modulus24 and Gb is the
stiffness of the shearing layer. This model not only describes
the pressure, but also the shear stress due to the interaction
between the outermost tube and the surrounding elastic me-
dium. By taking the vdW forces into account, the pressure at
any point of any tube can be expressed as25
p1sx,yd = o
j=1
3
sp¯1jsx,ud + c1jsw1 − wjdd , s5ad
p2sx,yd = o
j=1
3
sp¯2jsx,ud + c2jsw2 − wjdd , s5bd
p3sx,yd = o
j=1
3
sp¯3jsx,ud + c3jsw3 − wjdd − KWw3 + Gb„2w3,
s5cd
where p¯ijsx ,ud is the initial vdW pressure contribution to the
ith layer from the jth layer before buckling and cij are the
constants that model the vdW interaction between any two
layers after buckling. In line with our previous paper,25 the
initial pressure p¯ijsx ,ud and the constant cij are obtained as
P¯ ij = F2048«s129a4 ok=0
5
s− 1dk
2k + 1S5k DEij12
−
1024«s6
9a4 ok=0
2
s− 1dk
2k + 1S2k DEij6GRj s6d
and
cij = − F1001p«s123a4 Eij13 − 1120p«s69a4 Eij7GRj , s7d
where a is the C–C bond length, Rj is the radius of jth layer,
the subscripts i and j denote the ith and jth layers, respec-
tively, and Eij
6
, Eij
7
, Eij
12
, and Eij
13 are the elliptical integrals,
which are defined by
Eij
m
= sRj + Rid−mE
0
p/2 du
f1 − Kij cos2 ug−m/2
, s8d
where m is an integer and
Kij =
4RjRi
sRj + Rid2
. s9d
Substituting Eq. s5d into Eq. s1d, one obtains the
buckling-mode equations of a triple-walled CNT as follows:
L1w1 = „1
4w1o
j=1
3
c1j − o
j=1
3
c1j„1
4wj , s10ad
L2w2 = „2
4w2o
j=1
3
c2j − o
j=1
3
c2j„2
4wj , s10bd
L3w3 = „3
4w3o
j=1
3
c3j − o
j=1
3
c3j„3
4wj − KW„3
4w3 + Gb„3
6w3.
s10cd
Obviously, these equations couple each other due to the vdW
interaction.
III. THE CRITICAL BUCKLING LOAD
It should be noted that the buckling analysis is not sen-
sitive to the boundary conditions.22 Thus, the ends of all the
three tubes are assumed to be simply supported, and the
buckling modes of all the three can be approximated as
FIG. 1. Continuum model of a triple-walled CNT embedded in an elastic
matrix.
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wk = Ak sin
mpx
L
cos nu , s11d
where Ak sk=1,2 , . . . ,3d are three unknown coefficients, L is
the length of the triple-walled CNT, m is the axial half wave
number, and n is the circumferential wave number.
Substituting Eq. s11d into Eqs. s10ad–s10cd, one obtains
5FSmpL D
2
+ S nR1D
2G2 − c12D − c13D + Nx*SmpL2 D2 − p1R1D S nR1D
2
+
Eh
DR1
23 11 + S Ln
mpR1
D24
2
6A1 + c12D A2 + c13D A3 = 0, s12ad
c21
D
A1 + 5FSmpL D
2
+ S nR2D
2G2 − c21D − c23D + Nx*SmpL2 D2
−
p2R2
D S nR2D
2
+
Eh
DR2
23 11 + S Ln
mpR2
D24
2
6A2 + c23D A3 = 0,
s12bd
c31
D
A1 +
c32
D
A2 + 5FSmpL D
2
+ S nR3D
2G2 − c31D − c32D
+ Nx
*SmpL2 D
2
−
p3R3
D S nR3D
2
+
Eh
DR3
23 11 + S Ln
mpR3
D24
2
+
KW
*
L4
+
Gb
*
L2 FSmpL D2 + S mR3D
2G6A3 = 0, s12cd
where pk=−Nu /Rk sk=1 to 3d is the net pressure exerted on
the kth tube, which is assumed to be inward, Nx
*
=NxL2 /D is
the dimensionless buckling-load factor, KW
*
=KWL4 /D is the
dimensionless Winkler modulus factor, and Gb
*
=GbL2 /D is
the dimensionless shear modulus factor.
Using the condition for the nonzero solutions of A1 to
A3, one obtains the following equation to determine the criti-
cal buckling load of a triple-walled CNT:
Nx
*3SmpL2 D
6
+ a1Nx
*2SmpL2 D
4
+ a2Nx
*SmpL2 D
2
+ a3 = 0, s13d
where
a1 = h1 + h2 + h3, s14ad
a2 = h1h2 + h1h3 + h2h3 −
c31c13
D2
−
c21c12
D2
−
c23c32
D2
, s14bd
a3 = h1h2h3 − h2
c31c13
D2
− h3
c21c12
D2
− h1
c23c32
D2
+
c21c32c13
D3
+
c31c23c12
D3
, s14cd
with hk ssk=1 to 3d as
h1 = FSmpL D2 + S nR1D
2G2 − c12D − c13D − p1R1D S nR1D
2
+
Eh
DR1
23 11 + S Ln
mpR1
D24
2
, s15ad
h2 = FSmpL D2 + S nR2D
2G2 − c21D − c23D − p2R2D S nR2D
2
+
Eh
DR2
23 11 + S Ln
mpR2
D24
2
, s15bd
h3 = FSmpL D2 + S nR3D
2G2 − c31D − c32D − p3R3D S nR3D
2
+
Eh
DR3
23 11 + S Ln
mpR3
D24
2
+
KW
*
L4
+
Gb
*
L2
3FSmpL D2 + S nR3D
2G . s15cd
The solutions to Eq. s13d are decided by the sign of the
following discriminates, i.e.,
q =
a2
3
−
a1
2
9
, s16d
r = 0.5Sa1a23 − a3D − a1
3
27
, s17d
A = q3 + r2. s18d
These discriminants, i.e., Eqs. s16d–s18d, are dependent on
parameters KW
* and Gb
* and the combination of sm ,nd. How-
ever, for triple-walled CNTs with various innermost radii,
our numerical calculations show that q,0, r,0, and A,0
for various sm ,nd combinations and parameters KW
* and Gb
*
.
We thus have three solutions to Eq. s13d:
− N1
*SmpL2 D
2
= −
2
3
˛a12 − 3a2 cosSa3 D − a13 , s19ad
− N2
*SmpL2 D
2
= −
2
3
˛a12 − 3a2 cosSa + 2p3 D − a13 , s19bd
− N3
*SmpL2 D
2
= −
2
3
˛a12 − 3a2 cosSa + 4p3 D − a13 , s19cd
where
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a = cos−1
27a3 + 2a1
3
− 9a1a2
2˛sa12 − 3a2d3
. s20d
The critical buckling load is determined by the lowest solu-
tion of Eq. s13d with respect to every combination of the
integer m and n.
IV. NUMERICAL RESULTS
The configuration of the three-walled CNT is shown in
Fig. 1. The innermost radius is RI and the outermost radius is
RO. Suppose that each tube has the same length L and thick-
ness h, and is modeled as an individual cylindrical shell. The
multiwalled CNT is subjected to the combined action of
axial compression and vdW interaction. In line with most
published papers, the initial interlayer separation between the
two adjacent layers is assumed to be 0.34 nm. The geometri-
cal and mechanical properties of the triple-walled CNT are
given in Table I.
To validate the proposed model, the critical axial strain
s«cr=Ncr /Ehd is obtained as «cr=0.0417 for a triple-walled
CNT with innermost radius RI=0.34 nm. We noted that Liew
et al.5 obtained the critical axial strain «cr=0.0482 for a
triple-walled CNT with chiral index s5, 5d, s10, 10d, and s15,
15d by using the MD simulation and Yakobson et al.2 ob-
tained the critical axial strain «cr=0.05 for a single-walled
CNT of radius R=0.475 nm through MD simulation. Com-
paring the critical axial strain obtained by the present model
and those of Liew et al.5 and Yakobson et al.,2 it is seen that
they are in good agreement, and thus validates our proposed
model.
Table II shows the critical buckling loads of a triple-
walled CNT for various innermost radii. These critical loads
are the lowest obtained from Eqs. s19ad–s19cd for every
wave-number combination of sm ,nd. Three cases are exam-
ined s1d without the elastic matrix, s2d the surrounding elas-
tic matrix modeled as a Winkler foundation, and s3d the sur-
rounding elastic matrix modeled as a Pasternak foundation.
Table II indicates that the critical load is decreased with the
increase of the innermost radius for various levels of KW
* and
Gb
*
. The table also indicates that the critical buckling loads of
a three-walled CNT without an elastic matrix is lower than
that with a surrounding elastic matrix, which indicates that
the surrounding elastic matrix will raise the critical buckling
load. As can be seen in Table II, the critical buckling load
only increases by 1.1% for a triple-walled CNT of innermost
radius RI=2.72 nm as the KW
* increases from 131010 to 2
31010 and Gb
* from 0 to 23105. Thus, the effect of the
foundation parameters KW
* and Gb
* on the critical load is al-
most negligible for a triple-walled CNT of small radius.
However, for a triple-walled CNT of larger radius, the pa-
rameters KW
* and Gb
* play a significant role in the critical
buckling loads. For example, for a triple-walled CNT of in-
nermost radius RI=10.2 nm, the critical load increases by
34% when KW
* increases from 131010 to 231010 and Gb
*
increases from 0 to 23105, as shown in Table II.
To examine the dimension effect, the critical buckling
loads are calculated for various values of innermost radius RI
of a triple-walled CNT without an elastic matrix, as shown in
Fig. 2. The critical buckling load decreases abruptly with
increasing radius until the radius reaches 20 nm. After pass-
ing this radius, the critical buckling load decreases slowly
until it approaches the constant value of 0.26 N/m. This phe-
TABLE I. Mechanical properties and geometrical data of the triple-walled
CNT.
Equilibrium separation distance s 3.407 Å
Well depth « 2.968 meV
C–C bond length a 1.42 Å
Bending stiffness D 0.85 eV
In-plane stiffness Eh 360 J /m2
Innermost radius RI for Figs. 5 and 6 6.8 nm
Length of the three-walled CNT L=10RO 74.8 nm
TABLE II. Critical loads Ncr sN/md for triple-walled CNTs with elastic matrix modeled as Pasternak foundation for various innermost radii.
Radius of
innermost
tube
snmd
Gb
*
=0 Gb
*
=13105 Gb
*
=23105
KW
*
=0 KW
*
=131010 KW
*
=231010 KW
*
=0 KW
*
=131010 KW
*
=231010 KW
*
=0 KW
*
=131010 KW
*
=231010
0.34 15.0150 23.2619 23.2626 23.2484 23.2620 23.2626 23.2559 23.2621 23.2627
0.68 11.6154 17.0437 17.046 17.0081 17.0442 17.0461 17.0286 17.0446 17.0462
1.36 7.9015 10.9155 10.9235 10.8272 10.9178 10.9241 10.8829 10.9195 10.9247
2.04 5.8271 8.2498 8.2753 8.0620 8.2590 8.2778 8.1842 8.2653 8.2798
2.72 4.5668 6.9107 6.9759 6.5725 6.9401 6.9842 6.8121 6.9588 6.9906
3.4 3.7444 6.0630 6.2014 5.5517 6.1375 6.2238 5.9503 6.1815 6.2402
4.08 3.1709 5.3970 5.6464 4.7422 5.5504 5.6969 5.3042 5.6361 5.7319
4.76 2.7482 4.7924 5.1744 4.0773 5.0495 5.2715 4.7527 5.1954 5.3361
5.44 2.4249 4.2237 4.7234 3.5380 4.5830 4.8831 4.2507 4.7986 4.9892
6.12 2.1696 3.7062 4.2773 3.1033 4.1365 4.5047 3.7933 4.4188 4.6597
6.8 1.9629 3.2551 3.8449 2.7516 3.7164 4.1298 3.3883 4.0483 4.3337
7.48 1.7922 2.8728 3.4424 2.4645 3.3333 3.7645 3.0385 3.6918 4.0088
8.16 1.6486 2.5528 3.0812 2.2270 2.9931 3.4190 2.7398 3.3574 3.6900
8.84 1.5265 2.2860 2.7647 2.0284 2.6964 3.1014 2.4853 3.0514 3.3845
9.52 1.4211 2.0625 2.4907 1.8604 2.4400 2.8158 2.2678 2.7773 3.0993
10.2 1.3295 1.8744 2.2553 1.7166 2.2192 2.5625 2.0809 2.5347 2.8383
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nomenon can be explained by the classical shell model in
which the buckling stress of the cylindrical shell for a given
combination of m and n is obtained as26
scr =
Et2
12s1 − n2dH fn2 + sm2p2r2/l2dg2r2sm2p2r2/l2d J
+
Esm2p2r2/l2d
fn2 + sm2p2r2/l2dg2
. s21d
It can be seen that the buckling stress of a cylindrical shell
sr / l=constantd decreases as the radius increases until it ap-
proaches a constant. Note that the critical buckling load
herein is obtained by minimizing the buckling loads of any
combination of m and n. The vdW interactions before and
after buckling are also examined for various innermost radii.
When the vdW interaction is considered, the critical buckling
load is a little lower before buckling, but a little higher after
buckling. However, it is obvious from Fig. 2 that the effect of
vdW interaction on the critical buckling load is not signifi-
cant for triple-walled CNTs with various innermost radii.
Figure 3 shows the dependence of the critical buckling
load on the innermost radius for a triple-walled CNT embed-
ded in an elastic matrix, with the surrounding matrix mod-
eled as a Winkler foundation. In contrast to Fig. 2, where the
critical buckling loads are obtained for triple-walled CNTs
without a surrounding matrix, the vdW interaction after
buckling plays a significant role in the buckling behavior of
triple-walled CNTs with small radii, say with innermost radii
of less than 20 nm, as shown in Fig. 3. This is because the
vdW interaction and the interaction between the outermost
tube and the surrounding matrix are coupled, as shown in
Eqs. s14bd and s14cd. As the innermost radius increases, the
influence of vdW interaction decreases rapidly until it can be
neglected when the innermost radius is large enough.
The buckling behavior is also investigated for a triple-
walled CNT that is embedded in an elastic matrix, with the
surrounding matrix modeled as a Pasternak foundation. The
critical buckling loads are plotted in Fig. 4 for various inner-
most radii. The vdW interaction has a more significant effect
on the critical buckling load in Fig. 4 than in Fig. 3, where
the surrounding matrix is modeled as a Winkler foundation.
However, the influence of vdW interaction before buckling
on the critical buckling load is less, and can be neglected for
triple-walled CNTs of various innermost radii. It is interest-
ing to see from Figs. 2–4 that all of the critical buckling
loads approach a constant of around 0.26 N/m with the in-
crease of the innermost radii, regardless of whether or not the
triple-walled CNT is embedded in an elastic matrix.
Figure 5 shows the influences of Winkler modulus KW
*
and shear modulus Gb
* on the critical buckling loads of a
triple-walled CNT for various innermost radii RI. It is ob-
served that the effects of KW
* and Gb
* on the critical buckling
load are very small for a triple-walled CNT with a very small
radius. As the radius increases, the effect of the moduli in-
creases until it reaches the maximum around RI=10 nm, and
then the effect of the moduli decreases until it can be ne-
glected when the radius is large enough. These phenomena
can be explained by the explicit expression of Eq. s3.16d of
Ru’s paper.13 This expression indicates that when the radius
is very small, the first two terms that are not relative to the
moduli on the right-hand side of Eq. s3.16d play a dominant
role in the critical strain and, thus, the effect of the moduli
FIG. 2. Critical buckling loads vs the innermost radius for a triple-walled
CNT sKW
*
=0 and Gb=0d.
FIG. 3. Critical buckling loads vs the innermost radius for the triple-walled
CNT with the surrounding matrix modeled as a Winkler foundation sKW
*
=131010 and Gb=0d.
FIG. 4. Critical buckling loads vs the innermost radius for the triple-walled
CNT with the surrounding matrix modeled as a Pasternak foundation sKW
*
=131010 and Gb=23105d.
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sthe fourth termd is very small. As the radius increases, the
values calculated from the first two terms drop rapidly and,
thus, the effect of the moludi increases. However, when the
radius keeps increasing, the value obtained from the fourth
term becomes gradually small until it can be neglected when
the radius is sufficiently large.
The effect of foundation parameters KW
* and Gb
* on the
critical buckling load for a triple-walled CNT of innermost
radius RI=6.8 nm are now examined. Figure 6 shows the
critical buckling load as a function of KW
* for various Gb
*
. The
critical buckling load increases most quickly as KW
* increases
when the surrounding matrix is modeled as a Winkler foun-
dation. As KW
* increases, the increase of the critical buckling
load slows gradually and it finally reaches a constant value
of 5.1 N/m. The critical buckling load is also investigated as
a function of Gb
* for various KW
*
, as shown in Fig. 7. Simi-
larly, with the increase of Gb
*
, all of the critical buckling
loads approach a constant value of 5.1 N/m for any value of
KW
*
. This implies that the critical buckling loads are always
around 5.1 N/m for any combination of KW
* and Gb
*
, as long
as KW
* or Gb
* is large enough.
V. CONCLUSION
Explicit formulas have been obtained for the critical
buckling loads of triple-walled CNTs that are embedded in
elastic matrices. The interaction between the outermost tube
and the surrounding matrix is modeled as a Pasternak foun-
dation. The vdW interactions between any two layers of a
triple-walled CNT before and after buckling are taken into
consideration. The vdW interaction before buckling results in
a lower critical buckling load than when the vdW force is
neglected. In contrast, the vdW interaction after buckling
leads to a higher critical buckling load than when the vdW
interaction is neglected, especially for a triple-walled CNT of
a small radius that is embedded in an elastic matrix. The
critical buckling load is much higher due to the coupling of
vdW interaction and the interaction between the outermost
tube and the surrounding matrix. Furthermore, as the foun-
dation parameters KW
* and Gb
* increase, the critical buckling
load increases quickly at first and then approaches a constant
value of 5.1 N/m when the parameters are large enough. In
addition, with the increase of the innermost radii, the critical
buckling load approaches a constant of around 0.26 N/m,
regardless of whether or not the triple-walled CNT is embed-
ded in an elastic matrix.
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